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Abstract. Let _F be a global field, A a central simple algebra over F and K 
a finite (separable or not) field extension of F with degree [K : F] dividing 
the degree of A over F. An embedding of K in A over F exists implies an 
embedding exists locally everywhere. In this paper we give a quite complete 
account under what conditions the converse (i.e. the local-global principle in 
question) may hold. 



1. Introduction 

The topic on central simple algebras over global fields is one of central themes 
in number theory. One way to extract information of a central simple algebra is to 
study its maximal subfields. For example, this information would be useful when 
one attempts to analyze the terms in the geometric side of trace formulas. Indeed, 
in the geometric side of the trace formula for the multiplicative group of a given cen- 
tral simple algebra, certain major terms (elliptic ones) are described by conjugacy 
classes of these maximal subfields. This leads to a very important approach, due to 
Eichler [31 , to calculating the class number (of an open compact level subgroup) , as 
the class number can be written as the trace of the characteristic function supported 
on this level subgroup. In this pioneer work [3 Eichler established results in the 
trace formula for computing the class numbers and the type numbers of a maximal 
order or a hereditary order in a given quaternion algebra over any global field. He 
reduced some of the problem of computing class numbers to computing so called 
the optimal embeddings among orders in maximal subfields and in the quaternion 
algebras, which are of purely local nature. See Eichler [5] and Vigneras [S] for more 
details. 

A useful tool to study maximal subfields is the Hasse principle. This enables 
us to describe the properties of these subfields from local information. A naive 
attempt along the same direction is whether one can describe subfields of a central 
simple algebra over a global field F from local information. In this paper we 
study embeddings a finite field extension of F, which does not necessarily have the 
maximal degree, in a central simple algebra over F, and attempted to clarify related 
problems in this situation. More precisely, consider a finite-dimensional central 
simple algebra A over a global field F and a finite (separable or not) field extension 
K oi F whose degree divides the degree of A over K, that is, [K -.FW y/[A : F]. 
Naturally one considers the following basic questions: 

(Ql) What is the necessary and sufficient condition for which the field K can be 
embedded into A over Fl 
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(Q2) What is the necessary and sufRcient condition for which the F„-algebra 
can be embedded into the Fi,-algebra Ay over Fyl Here w is a place of 
Fy denotes the completion of F at v, Ky := K ® p Fy and Ay := A®f Fy. 

(Q3) Does the local-global principle for embedding the field K into A as F- 
algebras hold? That is, if Ky can be embedded in Ay for all places v of F^ 
then can K be embedded in Al 

We say that the Hasse principle for a pair [K, A) as above holds if the question 
(Q3) for K and A has a positive answer. When the field extension K has the 
maximal degree degA, this result is well-known and useful; see Pierce [H Section 
18.4], Prasad-Rapinchuk p". Proposition A.l] and [51 Proposition 2.7]. However, the 
case when K does not have the maximal degree is not explored in the literature. 

We now outline the contents of this paper. In the first part of this paper we 
answer the questions (Ql), (Q2) and (Q3). In [11], the third author of the present 
paper studies the problem of embeddings of one semi-simple algebra into another 
one over an arbitrary ground field. In Section 2 we recall some results of embeddings 
obtained in [11 and provide some proofs of them for the reader's convenience. These 



give rise to a numerical criterion for the question (Ql) over any field; see Lemma 2.4 
for the precise statement. In Section 3 we apply this embedding result to the case 
when the base field is either a local field or a global field. This yields a more explicit 
numerical criterion for (Ql) and (Q2), respectively. Using these criteria, we then 
show that there are a Galois extension K over F of degree 8 and a central simple 
algebra A over F of degree 24 for which the Hasse principle does not hold; see an 



example in Section 3.4 Also see Proposition 1.4 below for other cases for which 
the Hasse principle fails . 

We now describe the results in this part. Let K and A be as above. Let A = 
Mat„(A), where A is the division part of A and n := c(A) is called the capacity 
of A (see Definition 2.1 1. For a place v of F, let Ky :— K ®p Fy = Y\y,<^y Ky, be 



the product of local fields. Let and denote the sets of places of F and K, 
respectively. Let dy be the order of the class [Ay] in the Brauer group of Fy. 

Theorem 1.1. 

(1) The set of Ay -conjugacy classes of Fy- embeddings of Ky in Ay is in bijec- 
tion with the following set 

Sp^i^Ky^ Ay^ := I {XW^W\V I "^W ^ ^ ^ ^W^W — ^{Ay 

where 

C := [Ky, : Fy]/gcdi[Ky, : F,],deg(A)). 
In particular, there is an Fy-embedding of Ky in Ay if and only if the finite 
set £p^{Ky, Ay) is non-empty. 

(2) There is an F-embedding of K in A if and only if 

[K : F] I nc{A(g)p K), 

where c{lS.®pK) is the capacity of the central simple algebra /S.(E)p K over 
K. 

(3) The number c(A ®p K) can be computed as follows. 

(i) The degree 5q of A is the least common multiple of dy for all v E . 
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(ii) For w\v, the order d!^ of the class [Ay K^,] in the Brauer group of 
is given by 

(iii) The order 5' of the class [A®p K] in the Brauer group of K is the 
least common multiple of d'^^ for all w G . 

(iv) The capacity c(A ®p K) is then given by Sq/S' . 

The proof of Theorem is given in Sections |3.1| and |3.2[ see especiaUy Propo- 



sitions |3.2[ |3.3| and |3.4| 

In the last part of Section [3j we give a necessary and sufficient condition for a 
pair {K, A) so that the Hasse principle in question holds. We associate to each pair 
{K, A) an element 

X = e Q/Z 

as follows. For any w S , put 

_ c(A„) • gcd{[Ky, : Fy],dy) 

and let x^, be the class of x^, in Q/Z, where v is the place of F below w. 

We show that this element x is an obstruction class to the Hasse principle for 
{K,A), i.e. if this class does not vanish, then the Hasse principle for {K,A) fails. 
We also show that the vanishing of x is the only obstruction to the Hasse principle. 



Namely, we have the following result (Theorem 3.6) 



Theorem 1.2. Notations as above. An F-embedding of K in A exists if and only if 
an Fy-embedding of Ky in Ay exists for all v G and that the element x vanishes. 

The second part of this paper deals with the Hasse principle for a family of pairs 
{K, A) with both degrees [K : F] and deg{A) constant. Let {k, 6) be a pair of 
positive integers with k \ S. We say that the Hasse principle for the pair (fc, S) holds 
if for any finite field extension K over F of degree k and any central simple algebra 
A over F of degree 6, the Hasse principle for the pair {K, A) holds. 

We describe the results in this part. Let {k, S) be a pair of positive integers as 
above. For each partition A of fc 

t 

A = (fci, . . . , fci), ki < ■ ■ ■ < kt, y^h = k 

i=l 

and a pair /i = (s, d) of two positive integers s and d with 6 = sd, we definite a 
finite set 

t 

1=1 

where £i :— ki/{ki, d), and a vector x(A, fi) in Q* 

x(A,,u) := (xi), Xi = Xj(A,^) := s(fcj,d)/fc, \/i = l,...,t. 

Here (fc^, d) denotes the greatest common divisor of the integers ki and d; to indicate 
instead a pair of integers, say k and (5, we write the pair {k, 5). 
Let LD(fc, 5) be the set consisting of all pairs (A, /i), where 
• A is a partition of fc, and 
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• fi ~ {s, d) is a decomposition of S into the product of two positive integers, 

such that the set f (A,/i) is non-empty. ("LD" stands for aU possible local decom- 
positions). The following result gives a simple way to check the Hasse principle for 
a pair (fc, S). 

Theorem 1.3. Let {k,S) be a pair of positive integers with k \ S. 

(1) Suppose for all elements (A,/i) S LD(/c,5), the vector x(A,/i) has integral 
components. Then the Hasse principle for {k, 5) holds. 

(2) Suppose there is an element (A,/i) G LD(fc, (5) such that jii{X, ji) ^ N for 
some i. Then there are a finite separable field extension K of degree k over 
F and a central division algebra A of degree 5 over F so that the Hasse 
principle for {K, A) fails. In particular, the Hasse principle for the pair 
(fc, S) fails. 



The proof of Theorem 1.3 uses Theorem 1.2 the Hilbert irreducibility theorem 



and the global class field theory. Based on Theorem |1.3[ we prove the following 



result (Proposition 4.6 and Corollary 4.7 1, which also shows that (Q3) has a negative 
answer in general. 

Proposition 1.4. 

(1) Let S = Pi^ ■ ■ ■ Pr"' , and let k be a positive integer with fc > 1 and k \ 6, 
where each pi is a prime number. Assume that k < S/p^' and Pi \ k for 
some 1 < i < r (so r > 2). Then the Hasse principle for the pair {k,6) 
does not hold. 

(2) Let S be a positive integer divisible by two primes. Then there is a positive 
integer k with k \ S such that the Hasse principle for the pair (fc, S) does 
not hold. 



Clearly Proposition 1.4 (2) follows from Proposition 1 1 . 4| ( 1 ) . Proposition 1.4 tells 
us that when S is divisible by two primes and k is "small" comparable to S, the 
Hasse principle for {S, fc) fails. It is also well-known that when k — S, the maximal 
degree case, the Hasse principle holds. Therefore, it is natural to ask the Hasse 
principle when J is a prime power or fc is "very close to (5" . So we consider the 
following two more questions: 

(Q4) Does the Hasse principle for a pair (fc, 6) hold ii S = is a prime power? 



(Q5) Does the Hasse principle for a pair (fc, S) hold if 5/fc is a prime 



? 



About the question (Q4), we prove the following result (Theorem 5.4) 



Theorem 1.5. Let {k,S) — (p™,p") be a pair of powers of a prime number p. 
The Hasse principle for the pair (fc, (5) = {p"^,p^) holds if and only if one of the 
following conditions holds: 

(i) m = n. 

(ii) m — 1 or 2. 



About the question (Q5), we first prove the following (Proposition 5.8) 



Proposition 1.6. Let {k,6) be a pair of positive integers such that pi — S/k is 
a prime. Suppose that pi is not the smallest prime divisor of 5. Then the Hasse 
principle for the pair (fc, 6) does not hold. 
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For the remaining case where pi is the smallest prime divisor, the situation is 
more complicated. Therefore, we restrict ourselves to the case where 6 is divisible 
by exact two primes, i.e. i5 = Pi^P2^ , where pi and p2 are primes. In this case, we 



are able to give the complete answer. We prove (Theorem 5.14) 

Theorem 1.7. Let {6,k) — {Pi^P2^ ,Pi^^^P2^), where pi < p2 are primes and 
ni,n2 G N. The Hasse principle for the pair {k,6) holds if and only if {ni,n2) = 
(1,1)- 



The proof of Theorem 1.7 is divided into 5 different cases and we prove them 



case by case (from Propositions 5.9 to 5.13). 



The following result (Theorem 5.15) is a consequence of Proposition 1.4 and 
Theorem 11.51 

Theorem 1.8. The positive integers d with the property that for any central simple 
algebra A over F of degree 6 and any finite field extension K of degree [K : F] 
dividing 5 the Hasse principle for {K,A) holds are \,p,p^,p'^ , where p is a prime. 

In the last part of this paper, we study the embedding problem from the topo- 
logical point of view. Assume that K is separable. Let be a separable closed field 
which contains the fields F^ for all places v G V^; such a big field ^ exists; see 
Section [6l 

Suppose we are given an i^^, -embedding t^, : Ky A^, for each place v £ 
with the following compatibility condition. Let 

iv <Xi idj : Ky <g)F^ ^ ^ Ay d 
be the induced 5^-embedding. Noting that Ky (^p^ ^ = K (^p d and Ay (^p^^ ^ = 
^ €5_F 5", we have 

Ly (E) id-s : K ^p^ ^ A^p^. 
The compatibility condition requires that for any two places vi,V2 G V^, the 
induced maps Ly-^ idy and Ly^ (8) idy are conjugate by an element in (A^p . 
The question is: is there an _F-embedding l : K ^ A such that the induced map 
t(g)idi?^ is conjugate to Ly for all v e V^7 We show this question has an affirmative 



answer (Theorem 6.7) 



Theorem 1.9. Let Ly : Ky Ay be an Fy-embedding of Ky into Ay for each 
V E . Suppose that for any two places Vi,V2 S , the maps Ly-^ (E) id;j and 
Ly2 (8) idy are conjugate in {A<Sip . Then there exist an F -embedding l : K '-^ A 
such that L E) idp^ is conjugate to Ly in Ay for all v G . 

The proof of Theorem |1.9| uses Theorems |1.1[ |1.2| and the Chebotarev density 
theorem. 



We hope this paper may provide some useful information to the geometric side of 
the trace formula mentioned above. We also remark that the local-global principle 
for embedding of maximal subfields in central simple algebras over global fields with 
involutions, which is more involved, is studied in Prasad and Rapinchuk 

This paper is organized as follows. In Section[2]we collect and show some general 
embedding results over any field based on [llj . In Section [Sj we give a more detailed 
study about embeddings of a field extension K into a central simple algebra A over 
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a global field. We determine for which pair (A', A) the Hasse principle holds. In 
particular, we answer the questions (Ql), (Q2) and (Q3). In Sections |4] and [s] 
we work on the Hasse principle for a given pair (fc, (5) of positive integers with k 
dividing S. In Section [6] we give the proof of Theorem |1.9| 

2. General embedding results 

2.1. Setting. Let F denote the ground field, which is arbitrary in this section. 
All i^-algebras considered in this paper are assumed to be finite-dimensional as 
F-vector spaces and have the identity. As the standard convention, an F-algebra 
homomorphism is a ring homomorphism over F; in particular, it sends the identity 
of the source to the identity of the target. 

We recall the following definition for central simple algebras; see [7j. 

Definition 2.1. The degree, capacity, and index of a central simple algebra A over 
F are defined as 

deg(A) c(A):=n, i(^) /[ATI^, 

if A ~ Mat„(A), where A is a division algebra over F, which is uniquely determined 
by A up to isomorphism. The algebra A is also called the division part of A. 

For the convenience of discussion, we introduce the following definition (cf. [Ill 
Definition 2.1]). 

Definition 2.2. 

(1) Let V hea finite-dimensional vector space over F, and A an (finite-dimensional) 
arbitrary F-algebra. We say that V is A-modulahle if there is a right (or 
left) ^-module structure on V . If B is any F-subalgebra of A and V is 
already a right (resp. left) i3-module, then by saying V is A-modulable we 
mean that the right (resp. left) A-module structure on V is required to be 
compatible with the underlying _B-modulc structure on V . 

(2) For any two F-algebras Ai,A2, let llonip{Ai, A2) denote the set of F- 
algebra homomorphisms from Ai to A2, and let 

Rom*p{Ai,A2) C HomF(Ai,A2) 

be the subset consisting of embeddings of ^1 in yl2. For two maps fi,(p2 G 
Iiomp(Ai, A2), we say ipi and ip2 are equivalent if there is an element 
b G A2 such that (p2 = Int(6) o ipi. That is, (p2{o,) = b(pi{a)b~^ for all 
a e Ai. Then \ IIomi?(Ai, A2) is the set of equivalence classes of F- 
algebra homomorphisms from Ai to ^2- Write 

OA,^A,:=A^\RomFiA,,A2) and O^^a, A2\^om*piA,, A2) 

for the orbits spaces. 

We often simply write Ai (g) A2 for Ai (E)f A2 if the ground field F is 
understood. 

2.2. General embedding lemmas. Let Ahe a central simple algebra over F. We 
realize A — EndA(^^), where A is the division part of A and F is a right A-module. 
Let A' be another simple F-algebra , not necessarily central over F, with center K. 
Then there is an F-algebra homomorphism (p : A' A ii and only if there is an 
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(A', A)-bimodule structure on V, or V is A(E)p yl'°-niodulable. Here A'° denotes 
the opposite algebra of A'. Suppose n := dim a V and 

A ®F ^ (A (^F K) ®K A'° ~ Matc(A'), 
where A' is the division part of this central simple algebra over K. We have 

(2.1) [A : F][A' : F] = c^[M : F], and dim^ V = n[A : F]. 
Then ^ is A (g)i? A'°-modulable if and only if 

(2.2) c[A' : F] \ dimp V. 

This is equivalent to [A : F][A' : F]\ cn[A : F], or equivalently 

(2.3) [A' : F] I nc. 
We have proved 

Lemma 2.3. Let A be a central simple F-algehra and A' a simple F-algehra. Sup- 
pose A ~ Mat„(A). Then there exists an embedding of A' in A if and only if 

(2.4) [A' ■.F]\n-c{A®pA'°). 

Next we consider the case where A' is semi-simple instead. Write A' = 11^=1 ^'i 
into simple factors and let Ki be the center of A[ . The existence of an embedding 
of A' in A is equivalent to that there is an {A\ A)-bimodule structure on V . This 
means that there is a decomposition of V into A-submodules 

(2.5) V ^Vi®---®Vs 

so that each is a non-zero {A[, A)-bimodule. Put ni := dimA Vi and let q be the 
capacity of the central simple algebra 

A ®F A'° = (A ®F Ki) K 

over Ki. Then we get the conditions 

s 

(2.6) n = ^^ni, and [A^ : F] | n,iCi, Vi = l,...,s. 

i=l 

Lemma 2.4. Let A and A! = X^^^^ above. Then there is an embedding of 

the F -algebra A' into A if and only if there are positive integers Ui for i — 1, . . . , s 
.such that 

s 

n = ^^rii, and [A[ : F]\niCi, Vz = l,...,s, 

where Ci the capacity of the central simple algebra A(^f A!° over Ki. 

Lemma 2.5. Let A and A' = YVi=i "^'^ above. Let ip, cp' be two maps in 

}iomp{A' A), and let and V^p> be the induced {A' , A)-bimodules underlying the 
space V . Then ip and (p' are equivalent if and only if the {A\ A)-bimodules V^p and 
Vipi are isomorphic. 

Proof. See [TTl Lemma 3.2] 
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2.3. Maximal degree field extension case. We apply Lemmas |2.3| and |2.4| to 

the case where the semi-simple algebra A' is commutative and obtain the following 
well-known result. This is also a consequence of a result of Chuard-Koulmann and 
Morales ^ Proposition 4.3]. 

Lemma 2.6. 

(1) Let A be a central simple algebra over F and K is a field extension of F 
with [K : F] = deg{A) . Then there exists an embedding of K into A if and 
only if K splits A. 

(2) Let A be a central simple algebra over F and K = Y[i=i commuta- 
tive semi-simple F -algebra with [K : F] — Aeg{A). Then there exists an 
embedding of K into A if and only if each Ki splits A. 



Proof. (1) Be Lemma 2.3 the set }lor[ip{K, A) is non-empty if and only if 
[if : F] I nc, where c := c(A ® K). If K splits A, then c — deg(A) and hence [K : 
F] — ndeg(A) = nc. Therefore, Homi?(_ft', A) is non-empty. Suppose [K : F]\nc. 
Then deg(A)|c and deg(A) — c. This shows that K splits A. 

(2) Suppose there is an embedding of K in A. Then there are positive in- 
tegers Ui with n = "Y^Ui and there is an embedding of Ki in Mat„. (A). Since 
[Ki : F]\ni deg(A), it follows from 



[K:F]= deg(^) = }^ deg(A) > ^[X, : F] = [if : F] 

i i 

that [Ki : F] = Ui deg(A) for each i = 1, . . . , s. Therefore, Ki splits A. Conversely, 
if Ki splits A for each i, then [Ki : F] — nii deg(A) for a positive integer rrij and 
Ci :— c(A Ki) = deg(A). Then we have 

n ~ ^^TOj, and [Ki : F] \ rUiCi, Vi = 1, . . . ,s. 



It follows from Lemma 2.4 that there is an embedding of I'C into A. 



3. Numerical solutions to (Q1) and (Q2) 



Let the ground field F be a local field in § |3.1| and be a global field from § |3.2| on. 
We let A denote a central simple algebra over F and K a commutative semi-simple 
algebra over F, and study the embedding of K into A over F. 

3.1. Local results. Let F denote a local field. 

Lemma 3.1. Let A = EndA(l^) = Mat„(A) be a central simple algebra over F. 

(1) Let K be a finite field extension of F. The following statement are equiva- 
lent: 

(a) There exists an embedding of K in A over F. 

(b) [K : F]\n-c{A(g)F K). 

(c) [K : F] |ndeg(A). 

(2) Let K = rii^i Ki be a commutative semi-simple algebra over F. Then there 
exists an embedding of K in A if and only if there are positive integers rii 
for i = 1, . . . , s such that 

s 

(3.1) 71 — '^^Ui, and [if^ : F] | deg(A), Vi = l,...,s. 

i=l 
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It follows from Lemma 2.4 that the statements (a) and (b) are equivalent. The 
implication (6) (c) is trivial. Put S := deg(A) and k :— [K : F]. If inv(A) — 

a/S with {a,S) — 1, then (see 8J) 

inv(A (E>F K) = [K : F] inv(A) - ^ = ^, with {a', S') ^ 1, 



where 5 = 5' c, ak ~ a'c, and c (k, 6). It follows that 
(3.2) c{A®F K)^{[K:F], degiA)). 

Note that {S' ,k) — 1, so we have 

k I 71(5 k I ncS' <f=^ k I nc. 



The statement Lemma 3.1 (2) follows from Lemma 2.4 and Lemma 3.1 (1). 

Now consider the case where K — Y[i=i '^'^ ^ commutative semi-simple F- 
algebra. Put 

(3.3) c, :=([i^, :i^],deg(A)), := [K, : F]/ c,. 
For any positive integer n^, we have 

(3.4) [if, :F]|n,deg(A) ^ l,\n,. 
Put 

S 

(3.5) EF{K,A):^{x^{x^,...,x,)eW\ Y,^,x, = dim^V } . 

i=i 

If a tuple n — (rii, . . . , Ug) is a solution to ( |3.1| , then the tuple x = ixi, . . . , Xs), 
where Xi :— nij ii, is an element in £f{K, A). Conversely, any element x in £f{K, A) 
gives a solution n to (3.1 ) by setting — £iXi. Recall that A^\llom*p{K, A) is the 
set of equivalence classes of embeddings of F-algebras from K into A. 

Proposition 3.2. There is a natural bijection 

(3.6) e:A''\}iom*p{K,A)^£F{K,A). 

Proof. Let (p and ip' be two maps in }iom*F{K, A), and let and V^' be the 
induced {K, A)-biniodule structures on V. Write 

V^ = Vi®---®Vs and V^, ^V;®---® V^, 



where Vi and V^' are (iiTi, A)-bimodules. We have shown (Lemma 2.51 that ip and 
are equivalent if and only if and V^' are isomorphic as (K, A)-bimodules, 
equivalently, Vi ~ as {Ki, A)-bimodules for i = 1, . . . , s. Since each A®f Ki is 
simple, the latter is the same as the condition dim^ Vi — dim^ VI for i = 1, . . . , s. 
One associates to a tuple 

n = (dimA Vi , . . . , dimA Vs) 



which satisfies the condition (3.1 ) and determines the map Lp up to equivalence. As 
such tuples are one-to-one in correspondence with elements in £f{K,A). Then we 
show a bijection map e : IIom^(_ft', A) £f{K, A) which is given by 

(3.7) e{ip) ^ (dimA -t^i/^i,..., dimA V;/4). 

This completes the proof of the proposition. | 
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3.2. Global results. From now on, we let F he a, global field. Let A be a central 
simple algebra over F and K a finite field extension over F. We use the following 
notations. 

• A = EndA(l^), where A is the division part of A, and ^ is a finite right 
A-module of rank n. 

• k:=[K : F] and 5a := dcg(A). 

• For any place v of F, denote by F^ the completion of F at v. Put 
Ky:=K(g)Fy='[[Ky„ Ay:=A®Fy, A^ = A (g) = Mat^^ (i"^), 

w\v 

where is the division part of the central simple algebra A„ (we do not 

use the letter D as an algebra over F in this section; do not confuse Dy as 
the completion of D) and Sy is the capacity of A„. 

• kyj := [Kyj : Fy] and dy := deg{Dy), where w is a place of K over v. 

• A (E)p K = Matc(A') and S' := deg(A'), where A' is the division part of 
the central simple algebra K over K, and c is its capacity. One has 

(3.8) So = 5'c. 

• For any place w oi K, put 

a;, := A' 0^ = Matt„ [D'J, d'y, := deg(L»;„), 

where D'^ is the division part of the central simple algebra A^ and tyj is 
the local capacity of A' at w. 

• Cy, := c{Dy (»F„ Kyj), i.B. Dy (g) K y, = M&ic^{D'y^). One has 

(3.9) dy = dyjCyj. 

It follows from 

A^F = {A^ Fy) Ky, = Ay ^ Ky, = Matg^ c„ {D'y,) and 
Ai»FKy, = (A Of K) Ok Ky, = Matc(A') Oif Ky, = Matct„ {D'J 
that 

(3.10) Sy Cyj = Ctyj. 

• For any rational number a. E Q, we write d(a) for the positive denominator 
of a in its reduced form, and n(o) for its numerator. 

• For each place v of F, write 

inv„(A) = ^ = = {a'y.dy) = 1 and Sy = (a^,(5o)- 

OQ CLy Sy dy 

One has, by the Grunwald-Wang theorem 

(3.11) 6o =lcm{dy}y^v'' and (gcd{a^}„gyi^, 5o) = 1, 

where denotes the set of all places of F. 

• For each place w of K, write 

bw b'yj tyj b'w 

inv^(A') = ^ = -7^^ = {b'w, d'y,) = 1 and ty, = {by,, 6'). 

ty, dy, 

One has 

(3.12) <5' = lcm{d^}^gyjf and {gcd{by,}y,^yK ,S') = 1, 
where denotes the set of all places of K. 
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• It follows from mv{D'^) — mv{Dy)[Kw : Fy] (see ^) that 
(3.13) Cm = [dy^kyj^. 



Given K and A, we have, for each place w of i^, 

• a tuple {kw)w\v of positive integers, and 

• a rational number inv^, (A) = a'^ /dy 

satisfying the following conditions: 

(a) Y.w\v kw = k for all v e , 

(b) (i) dt, = 1 if w is a complex place, 

(ii) di, e {1, 2} if w is a real place, 

(iii) dy — 1 for almost all v, and 

(iv) (Global class field theory) one has 

E (inQ/Z). 
We compute all other numerical invariants 60, c^, d'^, S' and c as follows. 



(i) The (global) degree of A can be computed by (3.111 



(ii) Then one computes the local capacity c^j of i^p^ K^, and the (local) 



degree of D'^^ by (3.131 and (3.91, respectively. 



(iii) Using (3.12) we compute the (global) degree 5' of A' and then compute the 
(global) capacity c oi l\® K using ( |3.8[ ). 

We define the following condition (G stands for "global") 
(G) k\nc. 

Proposition 3.3. The set Honif^(_R", A) is non-empty if and only if the condition 
(G) holds. 



Proof. This follows from Lemma [2^ | 

Now we formulate the corresponding local conditions. Note that 
^ II ^™ and Ay = Mat„s„ {F>y). 

w\v 

Put 

(3.14) £ :^ A''\}iouiFiK,A); 

the Noether-Skolem theorem says that if this set is non-empty then it has one 
element. For each place v of F, define a set (c.f. ( |3.5[ )) 

(3.15) £y :— £p^ {Ky, Ay) — {{Xyj)yj^y I Xy, G N, ^ ^ iyjXyj — USy }, 

w\v 

where £y] :— kyj/cw Define the following condition (L stands for "local") 
(L) The set £y is non-empty for all v G . 
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Proposition 3.4. There is an embedding of Ky in over Fy if and only if the 
set £y is non-empty. 



Proof. This follows from Proposition 3.2 | 
We have the following implication 

the condition (G) holds the condition (L) holds. 

The local-global principle then asks whether the converse is also true. 

3.3. Special vectors and the local-global principle. Let 

e,„ : A^ \ Hom^^ [Ky, Ay) ^ £y 

be the corresponding bijection obtained in Proposition |3.2| Let us suppose first that 
the set Homi?(_ft', A) = Hom^(if , A) of embeddings oi K in A over F is non-empty. 
For any element in Y{amF{K, A), let G HomF„ (Ky, Ay) be the extension of 
by J\,-linearity, and let [^Pv] be its equivalence class. Then one defines an element 
x^, e £y by 

Xi, := ey{[Lpy\). 

The association (/s i— > x^, induces a well-defined map, which we denote again by e^, 

£ — > £y. 

The non-emptiness of Homi?(iir, A) implies the existence of such a vector x^, in £y 
for each place v e . We now calculate these special vectors explicitly. 

The map gives rise to a (K, A)-bimodule structure on V . Since V is free K- 
module of rank nS'^/k, its completion V ®f Fy is also a free Ky-Taod\x\e of same 
rank. Therefore, one has the decomposition 

w\v 

where each factor Vu, is a [Kyj, Mat^^ (r'„))-bimodule of K^-ravik nS^/k (recall that 
At, = Mats^ (Z3t,)). Using the Morita equivalence, the module Vu, is isomorphic to 



W®**" for a (i^u, , Dt, )-bimodule of Z?„-rank nsykyj/k. Using the formula (3.71, 
the w-component x^y of the vector x„ is given by 

(3.16) x„, dim^)^ Wy,/iw = nSyC^jk, 

which is a positive integer. Recall that c,^, = (k^^ dy) and iyj = ky^/cy,. 

Therefore, this leads us to the following definition of special vectors no matter the 
set £ is non-empty or not. For each place w of we define a vector (still denoted 



by) Xt, — {'Xy,)y,\y £ H "!« | u > ^7 (3.161, and we call them special vectors. The 



above calculation shows if the set £ is non-empty, then the vector x^, is the image 
of the map e„. 

Proposition 3.5. Notations as above. If the set £ is non-empty, then one has 

x„ e ^veV^, 

or equivalently, each vector Xy lies in Y[w\v ^ "^^^ ^ ^ . 

If we denote by x„, the class of x,,„ in Q/Z, then we associate to the pair (K, A) 
an element 

(3.17) X = iiiy,)^ev'< e Q/Z- 



K 
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Then Proposition |3.5| states that the vanishing of the class x is a necessary condition 
for the set £ to be non-empty. The foUowing result states that this is the only 
obstruction to the local-global principle. 



Theorem 3.6. Notations as above. We have 



X = 0. 



Proof. Note that the condition x = implies x^, e and hence Hom^^ {Ky,Ajj) 
is non-empty for all v G . The implication is already proved. To show the 
other direction, we must show that the condition (G) k \ nc holds. Using c = 5q/5' 
and 6' — Icmjd^}, we rewrite the condition (G) as 



(3.18) 



K 



Using (3.9| and (3.16), we have 

Xu, = nSyCi^/k = nsydy/kd'^ = n5a/kd[y E N 
for all w e . This verifies the condition (G) and hence proves the theorem. 



3.4. Examples. We will show an example of a pair {K, A), where K/F is a Galois 
extension and A is a central simple _F-algebra so that 

• the set llom*p^{Ky, Ay) is non-empty for all v e V^, and 

• the set llomp{K, A) is empty. 

This particularly shows that the question (Q3) has a negative answer. Let K/F is 
a Galois extension of degree 8. Choose two places vi and V2 of F so that k^ ~ 2 
for all w\vi or w\v2- Such places exist by the Chebotarev density theorem. Let A 
be a central simple algebra over F of degree 24 that is ramified exactly at the two 
places vi and V2, and 

= Mate (fill ) , and Ay^ = Ma.te{Dy^), 

where Dy-^ and Dy^ are central division algebras of degree 4. The existence of such 
an A follows from the global class field theory. One has = 2 and £yj — 1. The 
sets £y for unramified places v are non-empty. For v = Vi, i = 1,2, One see that 

4 



By Proposition 3.4 the sets HomJ. {Ky, Ay) are non-empty for all v G . On the 



other hand, x^ = Qcyj/k — 12/8 for any or w\v2, which is not an integer. By 



Theorem 3.6 the set Mot[lp{K, A) is empty. 

The same argument shows that there is a Galois extension K/F of degree p™, 
and a central simple algebra A/ F of degree p^q, where p and q are primes, with 
m > 2 and p < q,so that the local-global principle for embedding K in A fails. One 
takes ky, = p and dy = p^ ■ Then Cy, = p and ly, — \, We see that £y^ is non-empty 
from the inequality < p"^^^q. However, x^, = p^^^^qp/p™' ^ N. 
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4. The local-global principle 



Keep the notation in § |3.2| and |3.3| In this section, we study on the local-global 
principle in detail. 

For the convenience of discussion, we make the following definitions. 

Definition 4.1. 

(1) Let K he a. finite field extension over a global field F and A be a central 
simple algebra over F. We say that the Hasse principle for the pair {K, A) 
holds if the following conditions are equivalent: 

Hom^ A„) 7^ 0, Vw e llom*p{K,A) 7^ 0. 



In other words, the conditions (G) and (L) in § 3.2 are equivalent. 
(2) Let {k, S) be a pair of two positive integers with k \ 6. We say that the 
Hasse principle for the pair (k, S) holds if for any finite field extension K 
over F of degree k and for any central simple algebra A over F of degree 
deg{A) = 5, the Hasse principle for the pair {K, A) holds. 

Theorem |3.6| gives us an effective way to check the Hasse principle. Namely, we 
need to check 

? 

(4.1) Xu, = ns„c^/fc e N, yweV'^ 

for a given pair {K, A) . 

4.1. Basic positive results. 

Proposition 4.2. Let A be a central simple algebra over F with index i{A) — 5q 
and degree deg^ = nS^, and let K be a finite field extension over F of degree 
[K : F] \ degA. Suppose one of the following properties holds: 

(1) [K : F]= degA. 

(2) K splits A. 

(3) For any place v, the algebra Ay is either a division algebra or a matrix 
algebra over Fy. 

Then the Hasse principle for the pair {K, A) holds. 

Proof. 

(1) This is a well-known result; see Pierce 01 §18.4] and Prasad-Rapinchuk [51 
Proposition A.l]. 

(2) Since K splits A, we have d'^^ — 1 for all w G and hence 6' — \cm{d'^} = 

w 

1 and c = Sq. Thus, 

k I uSq <=> k I nc. 

This verifies the condition (G) and hence IlomF{K, A) 7^ 0. 

(3) Suppose there exists an embedding of Ky in Ay for all v E . If Ay is 
a central division algebra, then Ky = is a field extension over Fy with 
[Kyy : Fy] ^ k aiid Cyj = k. Then we have 

x„, = nSyCjy/k ~ n eN, Vw | v. 

For the other case that Ay is a matrix algebra over Fy, we have Sy = Sq. 
Thus, by the assumption k \ nSo, we have 

— nSyCyj/k — nSoCyj/k G N, Vw | v. 
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By Theorem 3.6 the set llomp{K, A) is not empty. 



4.2. Construction of counterexamples. Let K he a, finite field extension over 
F with [K : F] ~ k = p™^ • • •p™'', and A be a central division algebra over F of 
degree S = p"^ ■ ■ ■p"'', where pi is a prime number, Ui £ N, and e Z>o with 
rrii < rii for i = 1, . . . , r . 

We shall construct examples for which the Hasse principle does not hold. Recall 
(Definition |4A]) that the Hasse principle for a pair (fc, S) does not hold if there exists 
a pair {K,A) such that }iom*p^{Ky, A^) ^ for aU v £ but ilomFiK,A) = 0. 

The construction is to set local data Sy, dy, and a partition k = X)t«|u ^™ "-"f the 
integer A: for some place w of -F so that some lu-component x„, of the special vector 
Xy is not integral. Then we apply Theorem |3.6| to conclude that the Hasse principle 
for certain pair {K,A) does not hold. To ensure that the data k = J2w\v come 
from a global field we need the following result. 

Lemma 4.3 (c.f. [10, Lemma 3.2]). Let S he a finite subset of . Let Ly, for 
each V £ S , be any etale algebra over Fy of same degree [Ly : Fy] = n. Then there 
is a finite separable field extension K over F of degree n such that K ®p Fy ^ Ly 
for all V Cz S. 

Moreover, one also needs to ensure that the data s„ and dy come from a central 
division algebra A over F. For this, we need the global class field theory; see [71 
§ 32] or % 

Theorem 4.4. Let S be a finite subset ofV^. For any positive integer S, suppose 
we are given any set of rational numbers {a„/c?„}^g5 with (oy^dy) — 1 such that 

(1) lcm{dy} = d. 

(2) f: Oy/dy = e Q/Z. 

(3) dy — 1 if V is complex. 

(4) dy = 1 or 2 if V is real. 

Then up to isomorphism, there is a unique central division algebra A over F 
with degA — 6 such that inv Ay ~ ay/dy G Q/Z for v £ S and invA.,, = G Q/Z 
for V ^ S. 

Let {k, S) be a pair of positive integers with k \ S. For any partition A of fc 

t 

A = (fci, . . . ki<---<kt, ^h^k 

i=l 

and a decomposition /j — (s, d) of S — sd into the product of two positive integers, 
we set 

t 

1=1 

where £i := ki/{ki, d), and define a vector x(A, /i) G Q* 

x(A,/i) := (xi), ^ Xt{X, fi) -.^ s{ki,d)/k, \/i = l...,t. 

Let LD(fc, 5) be the set of pairs (A, /i) of partitions A of fc and a decomposition of 5 
such that £{X,if) is non-empty ("LD" stands for all possible local decompositions). 

We transform the problem of checking the Hasse principle for the pair (/c, S) in 
purely combinatorial terms. 
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Theorem 4.5. Let {k,S) be a pair of positive integers with k \ 6. 

(1) Suppose for all elements (A,/i) G hD(k,S), the vector x{X, fi) has integral 
components. Then the Hasse principle for {k, 6) holds. 

(2) Suppose there is an element (A,/z) G LD(fc, (5) such that Xi(A,/i-) ^ N for 
some i. Then there are a finite separable field extension K of degree k over 
F and a central division algebra A of degree 5 over F so that the Hasse 
principle for (K, A) fails. In particular, the Hasse principle for the pair 
(fc, S) fails. 

Proof. (1) Let K be any finite field extension of F of degree k and A be any 
central simple algebra over F of degree 6. For any place v of F, we get a partition 
A = {kw)w\v of k and a decomposition /i — (s, d) of 5, where s is the capacity of 
Ay — A(>^Fy and d is the index of Ay. The assumption HomJ^^ {Ky,Ay) ^ assures 
that £{X, /i) = Sy is non-empty. Therefore, the pair (A, n) is an element in LD(A;, 6). 
Then the assumption gives that = x(A, /i) has integral components. This works 



for all V G V^. By Theorem 3.6 we have }iom*p{K, A) ^ 

(2) Let (A,/i) e LD(fc,(5), where A — (fci, .. .,kt) and fi — {s,d), be an element 
such that x(A, fj,) is not an integral vector. Consider a finite set S — {vi, v'l, W2, 
of 4 finite places of F. Let A be the central division algebra over F of degree S with 



following local invariants (Theorem 4.4 ) : 

• invuj (v4) = — uiYyi^{A) = l/d and invu2(y4) = —vaVyi^^A) = \/5. 

• imry{A) = for all v ^ S. 

Let Ly^ and Ly'^ be any finite separable field extensions of degree k over Fy^ and 
Fy'^, respectively. Let Ly^ = I\l=i Ei and Ly'^ = JlLi -^i where (resp. E[) 
is a separable field extension of Fy-^ (resp. of Fy'^) of degree ki for all i. By 
Lemma [4. 3[ there exists a finite separable field extension of F of degree k such 
that K (E) Fy ^ Ly for all v G S. It follows from (A, /x) G LD(fc, (5) that £1,^ and 
£yi^ are non-empty. Also the sets £1,3 and are non-empty as Ky^ and if^^ are 
fields. Since Ay is a matrix algebra for v ^ S, these sets £„ are non-empty, too. 
Finally, since x(A, fi) is not integral, the special vector x^j^ = x(A, /i) is not integral. 
Therefore, we have constructed a pair {K, A) for which the Hasse principle fails. | 

Proposition 4.6. Let 6 = p"^ ■ ■ •p"'' , and let k be a positive integer with k > 1 
and k \ 6, where each Pi is a prime number. Assume that k < S/p"' and pi \ k for 
some 1 <i <r (so r > 2). Then the Hasse principle for the pair {k,S) does not 
hold. 

Proof. Without lose of generality, we may assume i = 1. We write k — p^^k' 
for some prime-to-pi integer k' . Let 

(i) 5 = w =pr 

(ii) A = (!,..., 1)=: (1®'=). 
Then one has 

d^Pi\ c.r.= {ki,d) = 1, £, := ki/ci = 1, 

and 

X, = .s/fc^j5^^---p^/p™iA:'^N, Vi. 
Note that the condition k < 6/p^^ — s implies the equation Xi -I- • • • -I- Xk = s has 



a positive integral solution, i.e. the set £{X,^) is non-empty. By Theorem 4.5 the 
Hasse principle does not hold. | 
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Corollary 4.7. Let S be a positive integer divisible by two primes. Then there is 
a positive integer k with k \ S such that the Hasse principle for the pair (k, 5) does 
not hold. 

Proof. Write 5 = p^^ ■ ■ ■ p"^, r > 2, and assume that pi is the smallest prime 
divisor. Let k — pi. Then the corollary follows from Proposition |4.6[ | 

Corollary 4.8. Let 5 be a positive integer divisible by two primes. Then there are 
a central simple algebra A of degree 6 and a finite field extension of F of degree 
[K : F] \ S so that the Hasse principle for the pair (K, A) does not hold. 

Proposition |4.6| tells us that when S is divisible by two primes and k is "small" 
comparable to S, the Hasse principle for {5, k) fails. It is also well-known that when 
k = S the Hasse principle holds. Therefore, it is natural to ask the Hasse principle 
when (5 is a prime power or k is very close to S. So we consider the following two 
more questions: 

(Q4) Does the Hasse principle for a pair {k,S) hold if (5 = is a prime power? 
(Q5) Does the Hasse principle for a pair {k,S) hold if S/k is a prime? 

5. Answers for (Q4) and (Q5) 

5.1. A reduction step. Keep the notation in the previous section. Write k = 
pT^ • • •p™'' and S = p"^ • • •p"'', where pi is a prime number and < to^ < e N 
for i — 1, . . . ,r. 

Lemma 5.1. Let A — (ki, . . . , fcj) be a partition of k and /i — (s, d) be a decompo- 
sition of 6. Put hi := ki/ gcd{ki, 6) and 

X' := {ih,Sf^^), = (%)i<^<t,i<j</i., 
where kij :— (fcj,(5). Then 

• If£{X,n) ^ 0, then £{X\ii) ^ 0. 

• The vector x[X, ^) is not integral if and only ifx{X',fj,) is not integral. 

Proof. (1) The condition £{X,fi) ^ implies that the equation 

t 

Y,i^X, = s 

i=l 

has a positive integral solution, say (xi), where ii — ki/{ki,d). We need to show 
that the equation 

t hi 

i=i j=i 

also has a positive integral solution, where £ij kij/{kij, d) = (ki, 5)/ gcd(fci, 5, d) = 
{ki,S)/{ki,d). One has 4 = £ijhi for all i. Put Yij — Xi, then the equation has a 
positive integral solution and hence the set £(A',/^) is non-empty. 
(2) We have, for all i and j, 

Xi = s{ki,d)/k = sgcd{h,5,d)/k = s{kij,d)/k = x,y. 

Therefore, the vector x(A,/i) is not integral if and only if x(A',/i) is not integral. 
This proves the lemma. | 



18 



SHENG-CHI SHIH, TSE-CHUNG YANG AND CHIA-FU YU 



Corollary 5.2. Let (fc,(5) be a pair as above. Suppose that for all (A,/i) G LD(fc,(5) 
with X = (fci, . . . ,kt) satisfying 

(5.1) h\S, Vi = l,...,t 

and that the vector x(A,/i) is integral. Then the Hasse principle for the pair {k,S) 
holds. 

Proof. This follows from Theorem 14.51 and Lemma 15. 11 ■ 



Corollary |5.2| tells us that if one wants to show that the Hasse principle for a 
pair {k,S) fails, then it is enough to search pairs (A,/i) G LD(fc, 5) with A in the 
form (5.1) such that that the vector x(A,/Lt) is not integral. As we will see, it is 
actually easier to find a pair (A, fj,) with coordinates ki of A satisfying 

(5.2) k,\k, yt = i,...,t 

with the desired property. 
Put 

/ := {(ai, . . . , Gr) e Z>o I < < TT-i for all i}. 

Lemma 5.3. There is a one-to-one correspondence between elements (A, /i) in 
LD(fc,(5) with (5. 1^ , and all non-negative integral solutions of the equations 

E K'---Pr'-^(ai,....a.) =fc 
{ai,...,ar)£l 

J2 i{ai,...,a^)iY(ai,-- ^ ^ ^(ai , . ..,a,) „^)) = S 

. (ai,...,a,,)G/ 

with the property that (f^(ai....,ar) > then Y(^^^... ,a^),j > for all j ^ 1, . . . , X(aj_..._( 
where (s,d) = and £(^ai,....a,) ^ pV ■ ■ ■ Pr"' / {pV ■■■Pr'id). 



(5.3) 



Note that the number of variables of the second equation in (5.3) depends on 
the solutions of the first equation. This is not a standard system of equations, 
however, it is slightly easier for us to solve equations in this form. Solutions of the 
first equation correspond to partitions of k with the condition (5.1 1, and the second 
one is nothing but the defining equation for the set £(A,/i). 

Now we use Corollary 5.2 and Lemma 5.3 to investigate the questions (Q4) and 
(Q5). 

5.2. Answers for (Q4). 

Theorem 5.4. Let {k,6) = (p'",p"), where p is a prime and 1 < m < n G N. 
The Hasse principle for the pair {k,S) = (j3™,p") holds if and only if one of the 
following conditions holds: 

(i) m — n. 

(ii) m = 1 or 2. 



The case (i) follows from Proposition 4.2 (1). Theorem 5.4 (ii) follows from 
Propositions |5.6| and |5.7| below. 



Lemma 5.5. [31 § 13.4] Let D be a central division algebra over any field F, and 
K/F be a field extension such that [K : F] is a prime divisor of AegD. The 
following properties are equivalent. 

(i) K is isomorphic to a sub field of D. 

(ii) D (E) K is not a division algebra. 
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(iii) deg D = [K : F]{i{D K)) . 



Proposition 5.6. Let {k,S) be as in Theorem 5.4 If m = 1 or 2, then the Hasse 
principle for the pair (fc, S) holds. 



Proof. (1) m = 1_ 
V £ . By Lemma 
i.e. (5' 7^ p". Since 6' 

rK 



5.5 



Suppose there exists an embedding of Ktj in A^, for all 
it suffices to check that A® K is not a division algebra, 
lcm{d^}, one needs to show d!^ ^ p" for all w G . If 



there exists w G V with d'^ — p"', then deg = p" where v S V is the place 



with 



Suppose Ky = Ki^,^ X • • • X Ky^^ . By the assumption of the existence of 



local embeddings, we know that the equation iiXi + • • • + tr^r = 1 has a positive 
integral solution, which implies that r ~ 1 and hence, Ky = Ky, is a field with 
[Ky, : Fy] ^ p. Then d'y^ = p^l[Ky, : Fy] = p''-\ contradiction to d'y^ = p" . Thus 
A(S} K is not a division algebra. 

(2) m — 2. In this case, it suffices to check Xi(A,/i) e N for all i and (A,/i) G 
LD(p^,p"). If s ~ and a > 2, then Xi(A,/i) G N for all i. Therefore, one only 
needs to consider the following two cases: 

(i) s = 1 and d = p". Since (A,^) G LD(p^,p"), the assumption £(A,^) ^ 
implies A = (/c). Then xi = p'^/p'^ = 1 G N. By Corollary 
principle holds. 



5.2 



the Hasse 



p" 



In the case of n = 2, this follows from Proposition 



4.2 



(ii) s — p and d 

(1). So we may assume n > 3. By Lemma 5.3 one solves the system of 
linear equations 



Xo + pXi + p^X2 = p2 
{Yo,i + --- + Ya.x„) + {Yi,i 



+ Yl,x^) + {Y2^1 + ■■■+ Y2^X.,) = p. 



The solutions are (Xq^X^.X^) = (0,0,1) and (0,p,0). 
respond to the partitions A(o,o,i) = (p^) and A(o,p,o) 



of fc, respectively. Now one computes Xi(A(o o,i), /^) 
X!:(A(o,i,o): m) — V ■ p/p^ = 1 G N for all i. By Corollary 
principle holds. 

This proves the proposition. | 



Both solutions cor- 
= = p®P 

■ P ■ P^ Ip^ — P and 
the Hasse 



5.2 



Proposition 5.7. Let (fc, S) he as in Theorem 5.4 If m > 3 and m + 1 < n, then 
the Hasse principle for the pair {k, 5) fails. 



Proof. We consider a pair (A, /i) as follows: 

(i) s = p^ and d — 

(ii) A = 



„m — 3 „r?x— 2 



„(Ti— 2 „m — 1 



= ^pm-2^ep-l j^pm-l-|©p-l^ 



To check that the set £{X, p) is non-empty, one solves the equation 

(^m-3,l + ' ■ ■ + Ym-^^p) + {Ym-2,1 + ■ ' ' + ^m-2,p-l ) + (i^m- 1,1 + ' ' ' + ^m- l,p-l ) = P^ ■ 

Since the sum of coefficients p + {p — 1) -\- {p — 1) = ip — 2 < p^ for all primes p, 
this equation has at least one positive integral solution. Moreover, one computes 
{p"^-'^,d) = p""-^ and xi(A,/i) = .^m-Zj^ra ^ ^ gy Theorem [45) the 
Hasse principle does not hold. This proves the proposition. | 
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5.3. Answers for (Q5). Let {k, S) be a pair of positive integers such that pi — S/k 
is a prime. 

Proposition 5.8. Suppose thatpi is not the smallest prime divisor of 6. Then the 
Hasse principle for the pair (k, 6) does not hold. 

Proof. Choose a prime divisor P2 of 6 with p2 < Pi- We consider a pair (A,/i) 
as follows: 

(i) s — pi and d — 5/pi ~ k. 

(ii) X^ik/p2,...,k/p2) = ik/p2rP-. 

To show that the set £{X, p) is non-empty, one solves the equation 

i^(rii-l,n2-l)4 + ^ ^("l-l,n2-l),P2 = Pi • 

The condition p2 < pi implies that the equation has at least one positive integral 
solution. In addition, one computes {k/p2,d) = k/p2 and Xi(A, /x) = {sk/p2)/k = 



Pi/P2 ^ for all i. By Theorem 4.5 the Hasse principle does not hold. | 

The remaining case where pi is the smallest prime divisor is quite complicated. 
We restrict ourselves to the case where 5 is divisible by exact two primes, i.e. 
5 = Pi^P2^ , where pi and p2 are primes. In this case, we give the complete answer. 
From now on, let (fc, S) = iPi^~^ P2^ , Pi^ P2^) and we assume that pi < p2- 

Proposition 5.9. Let 5 = piP2 and k — 6/pi — p2 with pi < p2. Then the Hasse 
principle for the pair {k, 6) holds. 

Proof. If s = 1, p2, or piP2, then Xi(A,/i) e N for all A and i. Therefore, it 
remains to check the case s = pi and d — p2. In this case, the corresponding 
system of equations is 

-^^(0,0) +Pl-'^(1,0) +P2-'i^(0,l) ^ P2 

(y{Q.O),l H ^ ^(0,0),X(n,Q)) +Pl{Y(ifi)j H ^ y(l,0),X(i,o)) 

+ {Y(o,i),i + ■■■+ >"(o,i),Jf(o,i)) = Pi- 

Since pi < P2, one sees that (X(o.o)i -'^(i.o); ^(o,i)) = (0, 0, 1) is the unique solution. 
It corresponds to the partition A = (^2) of k. Then {p2,d) = p2 and Xi(A, /x) — 
Pi ■ P2/P2 = Pi G N. By Corollary |5.2[ the Hasse principle for (fc, (5) holds. This 
proves the proposition. | 

Proposition 5.10. Let 5 — p\p2 o.nd k = S/pi = piP2 with pi < P2. Then the 
Hasse principle for the pair {k, 6) does not hold. 

Proof. Since pi < P2, we may choose two non-negative integers Xi, X2 such that 
P2 — xi — P1X2 — 1 and X2 > 0. Put xq := pi. One checks that 

a;o +P1X1+ p\x2 ^ xo + pi{p2 - I) ^ P1P2 = k. 
We consider a pair (A,^) as follows: 

(i) s — p2 and d — p\. 

(ii) A = (l®"«,p®"\(p2)®-2). 

Since components ki of A are l,pi, or p\, the coefficients ti of the equation for 
£{X,fj,) are 1. To see f (A,/i) is non-empty, we check 

Xo + + X2 = Pl + (P2 - 1 - ^12^2) +X2^P2 + {Pl - 1)(1 - X2) < P2- 
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Now we check xi(A,/i) — s{ki,d)/k ~ P2/P1P2 ^ By Theorem 4.5 the Hasse 
principle for the pair (k, S) does not hold. | 

Proposition 5.11. Let S — Pi^P2^ and k — S/pi — pl^^^p'2^ with pi < p2 for ni, 

n2 > 2. Then the Hasse principle for the pair {k,d) does not hold. 

Proof. We consider a pair (A, /i) as follows: 
(i) 5-'5/P2 -Pr^r^' andd = p2. 

(n)A=(p/ ,P2,...,P2) ^ \[Pi' 1 ' j. 

One looks at the equation 

pT'\y,^^ + ■■■ + r^^^,.-0 + (y^.i + • ■ ■ + i'2.,^-^p--(p.-i)) = pTp?-'- 

This equation has a positive integral solution because we compare the sum of the 
coefhcients with Pi^P2^~^: 

pTpT^' - P?-'pT'' - P?-'pT-^{P2 - 1) = pT-'pT''{piP2 - 2p2 + l) > O. 
This shows £{X,fi) 7^ 0. Moreover, one computes — 1 and 

xi(A,^) = s/k^p'i^pT--'/pT''pT ^Pi/P2 i N. 

By Theorem |4.5[ the Hasse principle for (fc,(5) docs not hold. | 



Proposition 5.12. Let 6 = Pi^P2 and k — S/pi — p"^ ^P2 with pi < p2 for 
ni > 3. Then the Hasse principle for the pair {k,d) does not hold. 

Proof. Case 1: rii 3 

One considers a pair (A, /i) as follows: 

(i) s = P1P2 and d = p\. 

(ii) A = (1, . . . , . . . = . 
Similarly, one looks at the equation 

(Fia + . . . Yi,pj + (r2,i + • • • + r2.pip.-pi-i) + - P1P2. 

It follows from pi + P1P2 — Pi — 1 + 1 = P1P2 that £(A, /i) is non-empty. Moreover, 
one computes = 1 and xi(A,/i) = s/k = P1P2/P1P2 — 1/pi ^ 

Case 2: ni > 4 

One considers a pair (A, /i) as follows: 

(i) s=p"'~'^ and d = plp2. 

(ii) A = (p2, • ■ ■ ,P2,PlP2, ■ ■ ■ ,PlP2,PiP2, ■ ■ ■ ,pIp2, ■ ■ ■ ,pT'^P2, ■ ■ ■ ,pT''^P2) 

- (pf s (piP2)®^-\ {piP2r^^-\ . . . , (pr-'P2)®p-^). 

Similarly, by looking at the sum of coefficients of the defining equation for £{X, /i), 
we have 

ni— 4 

Pi + {pi-l)+Y^ p\{pi - 1) = pT-^ + 2pi - 2 < p^"', 

4=0 

which implies that £(X,fi) is non-empty. Moreover, one computes {p2,d) = P2 and 

xi(A,/i) =p"i"2p2/fc ^ pT^^P2/pT^^P2 = I/-P1 ^ I^- 
By Theorem |4.5[ the Hasse principle for the pair {k,S) does not hold. | 
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Proposition 5.13. Let 5 = P1P2' o,nd k — 5 /pi ~ with primes pi < p2 and 
the integer n2 > 2. Then the Hasse principle for the pair (fc, S) does not hold. 

Proof. One considers a pair (A,/i) as follows: 

(i) s = P1P2 and d = P2^'^ ■ 

(ii) A = {pt-\ ■ . ■ ,pt-\pT'\ ■ • ■ ,pr'') = {{pT^'r'^ (pT'T"''')- 

Since 2p2 — 1 < P1P2, one has f (A,/i) ^ 0. Moreover, one computes {p2^^^,d) = 
p^^-^ and 

M\i^)=pipr''/k=Pipr''/pr ^piM i n. 

By Theorem |4.5[ the Hasse principle for the pair {k,S) does not hold. | 



We summarize the results from Propositions |5.9] to |5.13 in the following theorem. 

Theorem 5.14. Let {S,k) = {Pi^P2^ ,Pi^~^P2^), where pi < p2 are primes and 
ni,n2 e N. The Hasse principle for the pair (fc, 5) holds if and only if (ni,n2) — 

(1,1)- 

The following picture indicates for which pair (711,712) the Hasse principle for 
P2^,p"^P2^) with primes pi < p2 holds. 



X X X X 

X X X X 

X X X X 

o X X X 



X : does not hold 
O : holds 



1 



We conclude this section by the following result. 

Theorem 5.15. The positive integers S with the property that for any central simple 
algebra A over F of degree S and any finite field extension K of degree [K : F] 
dividing S the Hasse principle for {K,A) holds are l,p,p^ ,p^ , where p is a prime. 



Proof. This follows from Corollary |4.7| and Theorem 5.4 



6. A GLUING RESULT OF EMBEDDINGS 

In the section we study the embedding of a field extension in a simple algebra 
from the topological point of view. Let A = Mat„(A) be a central simple algebra 
over a global field F of degree tti, where A is a central division algebra over F . Let 

be a finite separable field extension over F of degree k dividing m. 

We shall use freely the notations in the previous sections. 

Let be a separable closed field which contains the fields Fy for all places v € . 
Recall that Fy denotes the completion of F at the place v. Note that such a big field 
5 exists. For example, let ^hea, separable closure of the quotient Q of the big tensor 
®„gy-FFt, over F by a maximal ideal. Let F^''^ and be the separable closures 
of F and F^ in ^, respectively. Put Gp ■= Gal(F=''=P/F) and Gf„ := Gal(FfP/f;); 
one has Gf„ C Gp- Let G := GiA{^/F) and G^ := Gal(S-/F„) for v . 
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Definition 6.1. Let Ly : ^ he an F^-embedding of Ky into Ay for each 
V e V^. Let 

Ly ® idj : i^t, (8i_F„ S" '-^ A„ (g)^^ 3^ 

be the induced if-embedding; note that Ky^^p^S = K (^p^ and Ay(^p^^ = A(^pS. 
For any two places vi,V2 S V''^, we say that Ly^ and are 5^-equivalent, denoted 
by ivi ^5 i'V2 (or by tt,i ^ ti,2 for brevity if no confusion may cause) if the induced 
maps t„j (g) idj and tt,^ (g idj are equivalent over ^, that is, they are conjugate by 



an element in {Ai^p (see Definition 2.2 ) 



Suppose that we have an F-embedding t : K ^ A. Let Ly :— l (E) idp^ be the 
induced Fu-embedding. Then we have Ly-^ g) idj €5 idj, and in particular 

I'vi ~ for ^-iiy two places vi and 1)2- Therefore, we may consider the following 
quest ioiQ 

(Q6) Let Ly : Ky ^ Ay be an Fi,-embedding of Ky into Ay for each u e . 
Suppose that Ly^ ^ iy^ for any two places vi,V2 G V^. Does there exist an 
F-embedding l : K ^ A such that l (g idi;-^ ^ Ly (over F^) for all v G V^l 



The main result of this section is Theorem 6.7 which asserts that the question 
(Q6) has an affirmative answer. 

Assume that [K : F] — degA. Suppose there is an F-u-embedding Ly : Ky ^ Ay 
for each v E . By a natural generalization of the Nocther-Skolem theorem 
[^, any two ^J-embeddings K (!)p ^ A(Ep ^ are conjugate to each other. By 



Theorem 6.7 then there is an F-embedding l : K ^ A so that l €5 id^^ ~ L y for all 

can 



V e . In particular, an F-embedding K ^ A exits. Therefore, Theorem 6.7 
be regarded as a generalization of the local-global principle for embeddings 



Recall (Definition [2^ that 

0*A,^A, -.^A^XRomUAuA^) 

denotes the set of equivalence classes of F-algebra embeddings of Ai into A2 for 
any two F-algebras Ai and A2. By Proposition |3.2[ there is a natural bijection 



(6.1) 0*j,^^^£piK,A). 
Let 

E := Hom;.(X, S) ^ { a,, . . . , a, } ^ BompiK, F'^^p). 

We have K (>^p^ — Hi^i -Si, where the field — ^ corresponds to the embedding 
ffi for each i. As ^5 is separably closed, we have 

k 

= (Mat„ (5) )><\Hom*([];j„Mat„ (;?)). 
By Proposition |3.2[ we also get a bijection 

k 

(6.2) ^ S^iK ^^,A<»^)^{x^{xl,...,Xk)eN''\J2^^^^}■ 



*This question was suggested by an referee. We thank him/her for the input 
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To each element x ~ {xi, . . . , Xk) G ^^{K ®^^A®^), one associates a N- valued 
function / on E by /((Ti) := Xi. This gives a natural bijection between the set 
^:s{K ®'S,A®'S) and the set 

fc 

C{K, ^, 5) { / : Hom^^(i^, 5) N | ^ /(a,) = m }. 

i=l 

The set C(i4r, has a natural G-action by (r * f){o'i) := fijai) for t S G and 
/ S C(X, A, 5^). The action of G on this set factors through the finite quotient 
GsA{E/F), where E is the Galois closure of K over F in F^°^ ^ as we also have 
S = YLoityf{K,E). 

Lemma 6.2. 

(1) There exists a bijective map 4> : O/f^y ji^:^ — > CiK, A,^). 

(2) Tfte G-invariant subset C{K, A, ^)'-^ is equal to 

f{a,)=n/k,yt = l,...,k}. 

(3) There is a commutative diagram 

C{K.A,^)^ > C{K,A,^), 

and the map -tp is a bijection if the set 0*j^ ^ is non-empty. 

Proof. (1) This follows from the natural bijection £:^{K® g^, A® 5") ~ C{K, A, 5') 
and the bijection (6.2 1. 

(2) Since the action of G on E is transitive, the assertion follows. 

(3) We may assume that the set OJ^ ^ is non-empty. The proof is similar to 
Let [e] G OJf ^ be element. The map e induces an embedding 



3.3 



that in Section 

£ (g) idy : K ®p ^ ^ A®p^, and by (1), it corresponds to a tuple (xi, . . . , a;^). Let 
A = EndA(V^) for a right A-vector space V of dimension n. Then V is a K-bee 

k 

A(g)F A'-module. As {A (g)F K) (g>F d = H Ma.ts„{di), where Sq = dcg(A) and 

— ^, we have the decomposition V (>~)f d — ®i=iVi, where Vi is a Matsoidi)- 
module. Note that dim^ Vi are the same for all i, and it is m6o/k. Using the Morita 
equivalence, we have Vi = Wf ° and 

Xi ;= dimj Wi — nSo/k ~ m/k. 

This completes the proof of the lemma. | 

For each v e V^, let Ky ■= K ®f ^ J] and put k^ := [A'^, : F^]. We 

have the following natural identifications 

E = Homi.(X, FfP) = Hom;^„ [K,, Af p) = ]J 

where 

E^ := Homi.„(A:„, AfP) = Hom^.^ (isT^, g) = {cr„,i, • . . , cr»,fc„}. 
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Hence, 

w\v w\v i—1 

The subgroup Gy of G also acts on the set C{K, A, 
Lemma 6.3. 

(1) The Gy-invariant subset C{K, A, ^)'~^^ consists of functions f in C{K, A,^) 
which are constant on Yi^ for all w\v. 

(2) There is a commutative diagram 

tl>v 

C{K,A,:S)'^^^ > C{K,A,^). 

Proof. The proof is the same as that of Lemma [6?2] and hence is omitted. 



Note that in Lemma |6.3[ the map ipy is injcctive but it may not be surjective. 
To see this, we describe the map tpy. Let Sy : Ky ^ Ay be an Ft,-embedding. Let 
Ay = Mat„s„ {Dy), where Dy is a central division i^^-algebra, and let dy := deg(I?^). 
The map e„ gives rise to an F„-embedding Sy, : K^^ ^ Mat„^(Di,) for each place 
w\v of where Uy, are positive integers with X^tuiu""!" ~ nsy. Then the function 
ipy{[ey\) is given by 

■ipy{[ey\){a) Tlyjdy I kyQ ^ If fj € S . 

From this, we see that the map is injcctive. However, if / is a Gy-invariant 
function, say f[a) = ttu, G N for cr G S^,. Then the number Uy, := ayjkyj/dy, may 
not be an integer. This shows that the map ijjy may not be surjective. 

Lemma 6.4. LetE/F he a finite Galois extension of global fields with Galois group 
H. For each v of F, let Hy ~ Gal{Ey,/Fy) be a decomposition subgroup, where w 
is a place of K over v. Then H — {Hy)y^YF . 

Proof. This is a well-known consequence of the Chebotarev density theorem; 
we include the proof for the sake of completeness. Put Hi := {Hy)y^YF. For any 
element g ^ H, the Chebotarev density theorem tells us that there are infinitely 
many places v oi F such that the Frobcnius conjugacy class Froby of v is equal to the 
conjugacy class Cg of g. This shows that the subgroup Hi meets every conjugacy 
class of H as the subgroup Hy already intersects with the conjugacy class Froby. 
The lemma then follows from the next lemma, which is a basic exercise in group 
theory. | 



Lemma 6.5. Let H be a finite group and Hi be a subgroup of H . Suppose that Hi 
meets every conjugacy class of H . Then Hi = H. 

Proof. Let C {e} be a conjugacy class of H. We want to bound its cardinality 
|C|. Let the group H act on itself by conjugation. Choose coset representatives 
hi,...hr e H for H/Hi, where r ^ [H : Hi]. Since C n Hi 0, let Xq e 
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C Hi be an element. Let Oh{xo) and Ohi{xo) be the iJ-orbit and -ffi-orbit of 
Xq, respectively. We have 

r 

C^Oh{xo), and C = [J h^OH{xo). 

Then 

r 

\C\<Y,\OhA^o)\<[H ■.Hi]-\CnHi\, 

i=l 

as (xq) C C n Hi. It follows that 

C#{e} 

and hence that H = Hi. | 

Proposition 6.6. Let f be a function in C{K,A,^). If f e C{K,A,^)^'' for all 
V e V^, then f e C{K,A,^)^. 

Proof. Let / be as in the proposition. The action of G factors through the finite 
quotient H :— Gal{E/F), where E is the Galois closure of K over F in F^^^. Let 
Hy Gal{EFy/Fi,) C H he the decomposition subgroup of v. Therefore, / is 



ifi,-invariant for all v G V . By Lemma 6.4 the group H is generated by Hy for all 



V G . Therefore, / is if-invariant. This completes the proof of the proposition. 



Now we are ready to prove our last main result. 

Theorem 6.7. Let Ly : Ky ^ Ay be an Fy- embedding of Ky into Ay for each 
V S . Suppose that ly^ ^ Ly^ for any two places wi , f 2 G • Then there exist 
an F-embedding l : K ^ A such that l (E) idp^ ^ i^y (over Fy) for all v G . 

Proof. Let Ly be as given in the theorem. Let /„ :— ipv{[i'v]), it is a Gu-invariant 
function in C (if, A, g'). Since [t^^^idj] = [tt,i<8)ids] G C'K.g,;^,^®^' we have /^^ = /^^ 



for any two places vi,V2 € V^. By Proposition 6.6 the function fy is G- invariant 
and hence it is a constant function with value m/k. The map Ly gives rise to maps 
iyj '. Kyj ^ >■ Mat^^(Z?^) for some positive integers riy^ with ^^1^ riy^ — nsy. We get 
fy((j) = riyjdy/kyy = m/k = nsydy/k and hence riy, = nsyk^/k and n^yCw/kyy = 
nSyCyj/k. On the other hand, since we have an F„-embedding Kyj ^ Mat„j^, (I?^), 



the condition kyy\ny,Cy, holds (Lemma 3.1). This shows that 



Xyj — — - — = — — G VW G V . 



By Theorem 3.6 there is an F-embedding l : K ^ A. Since the images 'ipy{[L&dF^]) 
and ipy{[iy]) are the unique constant function, and the map -011 is injective, we get 
[(, (8) idF„] — [tu], that is t (g) idF„ ^ i^v for all v G . This completes the proof of 
the theorem. ■ 
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